MATHEMATICS
M402 TC : Theory of Numbers
Time : 3 Hours Niax. Marks - 70
Instructions : 1) Answer any five full questions.
- . e : 1. p=1
1.-a) Define the Mébiis finclion (i (), Prove that ;uid}m’m Wy e 4
b} Define the Euler's totient junction pfn) Prove that mi.'n}="z_1.t{d]5. 6
alm
e} Find all integers n such that w({n) = pi2n). 4
2. a) Forn=1 prove that mtﬂl:hl][i—‘-}]_ 5
. HlR :
b) 1Fa|b, prove that o(a)| o(h) 4
¢) Forn=1, prove thal ﬂtﬁi=ZuIﬂ}1ﬂE£=—Zuiﬂ]hﬁd- 5
i clfn

3. &) When a numher theoretic function is catiad multiplicative 7 If  ang g are
multiplicative, prove that their Dirichist product ¢ + @ Is also multiplicative.
b} ifboth gand t« g are multiplicative, prove that f is also mulfiplicative. B
¢} Lattbe mulliplicative. g beany arithmetical tunction and that
fip™") = Hp) 1p") =Qip) Hp"™"), for all primes p andt-all nz 1
Then prove that for each prime p, the Bell series lor | has the larm
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a) F(a, mi=1, prove thar a"™ = 1({madm),

b) Given a prime p, let1 (x) = Gy +€X+ .. +c.x"be a palynomial of degree n
with integer coefficients such fhat ¢ = O{modp). Prove that the palynomial
congruence f(x) =0 (mod p) has al most n solutions,

¢} Prove that 5n% 4 7n° =0 (mod 12) for all integers n.

- ) Letn > 1, Prove that (n= 1) = 1 (mod n) it and only if n Is-a prime.

b) State and prove the Chinese remainder fheorsm

@ Find all x which simuftaneously satisty the systam of congrusrices
X =1 {mod3),
x=2 (mod4),
X =3 (mod5)

4) Define the Legendre's symbol (n | p). Lst p be-an odd prime. Than far all n,
-1

prove that (M{p)=n * (modp).

b) I and g are distinct odd primes, prove that (p| g)(q|p) = (—)i=He e
c) Compute (888 | 1999).

a) It a=3, prove that thers are na primifive roots mog™

b) Letgbea primitive root mod p such thal g 1 (modp?) Then prove that
for every a2 2. g ) 4 {(modp=).

) PmmMEEapﬂmiﬁmmnimnﬂpﬂ'pmapf#mufﬂmfnﬂﬁE"+1.11:»1
a) Provethat
(1= (14630528,
¥ x* K7

—

: (1=x%) 1 (-1 -x) ===y T
i) {1+:2}[1+14H1+x@’|“

x1 %t i

ET (1-x7)(1-x7) = W= K —xy
b) State and prove the Jacobi's triple product Hanm'.r.
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